where > 0 and let fP n g denote the MOPS with respect to d 0 . If fd 0 ; d 1 g is a so called coherent pair, then for all > 0 the polynomial S n (n 2) has n di erent, real zeros, interlacing with the zeros of P n ; at most one of them may be outside (a; b).
The concept of coherent pair was introduced by Iserles et al. in 1] . It proved to be very fruitful in the research of Sobolev orthogonal polynomials. In this paper we assume fd 0 ; d 1 g to be a coherent pair. Let fS n g denote the MOPS with respect to the inner product (1.1). We will investigate the location of the zeros of S n .
In 4] it already has been proved that for n 2 and su ciently large, S n has n di erent, real zeros interlacing with the zeros of P n?1 and Q n?1 ; at most one of them is outside (a; b).
Marcell an, P erez and Piñar 2] Recently a complete classi cation of all coherent pairs has been given in 5]. It has been proved that they can be divided into two types depending on the regularity of d 1 . This classi cation enables us to generalize the results of 2] to all coherent pairs. We will prove: if n 2, then for all > 0 the polynomial S n has n real zeros, interlacing with those of P n ; if fd 0 ; d 1 g is of type 1, then all zeros of S n are located in (a; b), if fd 0 ; d 1 g is of type 2 then S n has at least n ? 1 zeros in (a; b).
In section 2 we derive some auxiliary results on S n and we give the classication of the coherent pairs. In section 3 the coherent pairs of type 1 are 1 investigated; in section 4 those of type 2. Coherent pairs of type 1 are more regular than those of type 2; therefore our method gives in section 3 much more information on the location of the zeros for coherent pairs of type 1 than for coherent pairs of type 2 in section 4. In particular we will prove in section 3 for coherent pairs of type 1 that the n zeros of S n are separated by those of Q n?1 (n 2). This result does not hold for all coherent pairs of type 2. On the other hand we will prove in section 4 that for all coherent pairs the n ? 1 extremata of S n interlace with the n ? 1 zeros of Q n?1 (n 2).
2. Coherent pairs
Consider the inner product
where (a; b) denotes a nite or in nite interval on the real axis, 0 in lemma 5 and proceed as in the proof of theorem 1. After Gauss-quadrature on the zeros of P n we obtain S n (x i )P 0 n (x i ) > 0; i = 1; 2; : : : ; n: Since sgn P 0 n (x i ) = (?1) n?i and the leading coe cient of S n is positive, the theorem follows. in lemma 5 and proceed as in the proof of theorem 2.
Remark
In the Jacobi case we can also substitute In both cases we write Then it follows from (4.1) that it also holds for i itself.
Lemma 7 and 8 follow from 6 in the same way as lemma 4 and 5 follow from lemma 3.
Lemma 7
Let (t) denote a monic polynomial of degree k 1, such that all zeros of (t) are real and non-negative. Then there exist a polynomial 2 
Remark
In the Jacobi case we can also substitute (1 + x) dx < 0:
Applying Gauss-quadrature with (positive) remainder-term on the zeros of ( ) n . Then if is su ciently small positive, S n only has positive zeros and a negative zero of Q n?1 cannot separate positive zeros of S n . It is, however, possible to give a weaker result which holds for all coherent pairs of type 2 and all > 0. Therefore we rst prove that the extremata of S n interlace with the zeros of Q n?1 ; this holds for coherent pairs of type 1 as well as for coherent pairs of type 2. and, since S n is monic, S n has an extremum in (y n?1 ; 1). Moreover S n has at least one, and therefore exactly one, extremum in each of the n ? 2 intervals (y 1 ; y 2 ); : : : ; (y n?2 ; y n?1 ). This proves the theorem.
Corollary
Let z 1 < z 2 < : : : < z n denote the zeros of S n . Then z i < i < z i+1 ; i = 1; 2; : : : ; n ? 1, where i = (n) i ; i = 1; 2; : : : ; n ? 1, denote the extremata of S n . Then theorem 5 implies y i < i < z i+1 ; i = 1; 2; : : : ; n ? 1:
